Quantum electrodynamics predicts x-ray diffractions under a high-intensity laser field via virtual charged particles, and this phenomenon is called as vacuum diffraction (VD). In this paper, we derive a new formula to describe VD in a head-on collision geometry of an XFEL pulse and a laser pulse. A wavefront curvature of the XFEL pulse is newly considered in this formula. With this formula, we also discuss the curvature effect on VD signals based on realistic parameters at SACLA XFEL facility.
Introduction
Photon-photon scattering is a nonlinear interaction between photons, intermediated by a virtual electron loop at the lowest order of quantum electrodynamics (QED). To observe this process in the real vacuum, where the Coulomb fields of pre-existing charges do not contribute, many experimental approaches have been considered and carried out to excite this virtual loop. A traditional way to stimulate the vacuum over a macroscopic scale, ∼ 1 m, is to use permanent or electro-magnets that "magnetize" the vacuum [1] [2] [3] . Another way, which does not apply such macroscopic-scale external fields, is to use a high-intensity laser that gives a very strong electromagnetic field to "pump" the vacuum [4] [5] [6] . The pump laser locally and anisotropically changes the refractive index of the vacuum at its focus. In order to detect this change, another probe light is collided against the focused pump laser. The probe light is diffracted by this small focal spot, and its polarization is also changed. These phenomena are called as "vacuum diffraction (VD)" and "vacuum birefringence (VB)". X rays are suitable as the probe lights to detect the small vacuum structure because those have a shorter wavelength than optical lights.
VD and VB signals in various situations, e.g., different pump laser setups and collision geometries, have been calculated [7] [8] [9] [10] [11] [12] [13] [14] [15] . Because x-ray free-electron laser (XFEL) facilities with high-power laser stations [16] [17] [18] are appropriate to perform VD and VB experiments, some calculations [7, 8, [12] [13] [14] [15] are specialized to experiments at these facilities. However, these calculations do not include an angular divergence of a focused XFEL pulse, which is related to the curvature of the XFEL wavefront. The beam divergence is typically O(10-1000)µrad but is approximately equal to a signal divergence of VD. Consideration of the curvature effect is important to predict the signal distributions in realistic setups. The beam axis of the XFEL pulse is on the Z-axis, and that of the laser pulse is on the negative direction of the z-axis. The laser focus has displacements (xL, yL, zL) from the origins of each axis. The XFEL pulse has incident angles, Θx, Θy, from the z-axis, and its beam size has been modelled to be constant. (b) Bird's eye view.êX (êL) is the polarization vector of the XFEL (laser) pulse. eΘ=0, which is on the x-y plane, is the polarization vector of the XFEL pulse without the incident angle. δ is an angle betweenêL andêΘ=0. k ′ is the wavevector of the signal x-ray with a diffraction angle, θ, from the z-axis. θx (θy), is an angle of θ in the x-z (y-z) plane.
In this paper, we derive a new formula for VD and VB signals in which the XFEL curvature effect is first taken into account. The assumed setup for the calculation is a realistic condition in XFEL facilities, i.e., a focused pump laser pulse and a focused XFEL pulse collide in a head-on geometry. Misalignments between both pulses are also included.
In Sec. 2, before considering the curvature effect, we derive a new simplified formula of VD and VB signals for XFEL experiments. This approximated formula is useful to understand the parameter dependencies of VD and VB signals. This new formula is validated in Sec. 2.3 by comparing with the previous calculation [12] with real setups parameters at SACLA XFEL facility [16] . In Sec. 3, we calculate the curvature effect with this new formula. The effect is estimated as the convolution of the XFEL angular distribution and the signal one. Impacts of the curvature effect on the experiments are also discussed in Sec. 3.
2 Simple formula of VD signal 2.1 Assumed setup for the calculation A so-called "pump-probe" setup illustrated in Fig. 1 (a) is considered. The probe XFEL pulse and the pump laser pulse collide in the head-on geometry. The XFEL pulse has the following field amplitude, 
where J 0 is the peak field strength, c is the speed of light, τ X is the pulse duration, k is the wavenumber of the x-ray, and ψ 0 is a constant phase. The XFEL pulse propagates in the Z-direction and has an incident angle, Θ, against z-axis. X , Y, Z-axis is a rotated x, y, z-axis by Θ. Θ x (Θ y ) denotes the incident angle between Z-axis and the y-z (x-z) plane, and satisfies 1
Equation (1) represents the XFEL pulse with constant beam sizes, w X . This constant assumption on w X is reasonable for the calculation of the diffraction because the beam size is almost constant during the interaction due to the long Rayleigh length of the XFEL pulse. This XFEL pulse does not have the curvature because of the constant beam size. The laser pulse is modelled as a pulsed Gaussian beam with a field amplitude,
where E 0 is the peak field strength. Φ(x) is a term which denotes a phase of a Gaussian beam, and τ L is the pulse duration. w L (z) = w L0 1 + ( z−zL zRL ) 2 is the beam size as a function of z with a beam waist, w L0 , and Rayleigh length,
λ . x L , y L and z L are displacements from the origin of the x-y-z coordinate to the laser focus. Since a photon exchange between the two pulses is well-suppressed, the oscillating term cos(Φ(x)), which depends on the photon energy of the laser, can be averaged over the oscillation of the laser field [12, 19] . This gives cos 2 (Φ(x)) → 1 2 . We calculate the pulse energy of the laser, W , to express the peak intensities, E 2 0 and J 2 0 , with measurable quantities,
where ǫ 0 is the dielectric constant. From this, the peak intensities can be written as
where N is the number of x rays in the XFEL pulse, and ck is photon energy of the x-ray, and is the reduced Planck constant.
Simplification of signal formula
In the assumed setup, an interaction probability of VD for each x-ray, P , is written as [12] ,
with
where X = (ct, x) = (ct, x, y, z) and K ′ = (k ′ , k ′ ) are four-vectors with the metric (−1, 1, 1, 1), and k ′ = | k ′ |. k ′ is the wavevector of the signal x-ray, θ is the diffraction angle of the signal x-ray from the z-axis. α is the fine-structure constant, m e is the electron mass. δ, which is illustrated in Fig.  1 (b) , is the angle between the polarization vector of the laser pulse,ê L , and a vector,ê Θ=0 , wherê e Θ=0 is a polarization vector of the XFEL pulse without the incident angle.
To simplify Eq. (6), we apply the following approximations and assumptions, which are reasonable in practical experiments:
(i) A short-pulse approximation where both pulse durations satisfy cτ L ≪ z RL and cτ X ≪ z RL .
This condition is reasonable since a pulse length of typical femtosecond lasers is shorter than the Rayleigh length. For example, the pulse length of typical femtosecond lasers satisfies cτ L < 30 µm (τ L < 100 fs), and cτ X is much shorter than that. Whereas z RL is ∼ 400 µm for w L0 = 10 µm and λ = 800 nm. In this condition, we can approximate w L (z) to be constant during the interaction as
(ii) A small-incident-angle approximation that the incident angle satisfies Θ ≪ 1. We take only the leading order of Θ.
(iii) A forward approximation that the diffraction angle satisfies θ ≪ 1. This condition is reasonable in experiments where an x-ray is used as a probe beam because the diffraction of an x-ray is small due to its short wavelength. The approximation enables us to take only the leading order of θ.
(iv) A cosine term approximation. The cosine term in Eq. (1) is expressed as cos(k(Z − ct)
]}, and the q = +1 term can be ignored because it is substantially suppressed in the dk ′ integration [12] .
By applying (i)-(iv), Eq. (6) becomes
where θ x (θ y ) is the diffraction angle of the signal x-ray from the y-z (x-z) plane. The exponential term in the fourth line in Eq. (9) is also expressed as exp − 1
The term states that the energy width of the signal x rays is 2 τX . The energy width, e.g., 0.1 eV given by τ X = 10 fs, is narrow compared to an energy width of a typical XFEL ∼ 20 eV (1 standard deviation, 1σ). Thus, we can practically neglect the energy spread of the signal x rays and can further apply the following;
(v) A delta function approximation that the fourth line of Eq. (9) is approximated to be δ(k ′ − k)
in the dk ′ integration.
Executing the dk ′ integration with (v), we obtain the fully simple formula of VD as dP d cos θ ≃ 2 6 45 2 π 2 α 4 6 m 8 e c 10 (16 + 33 sin 2 δ)k 2 W 2
with It consists of three parts; the parameter dependency part (the first line), the form part of the two pulses (the second line) and the angular distribution part (the third line). It provides a useful approximation to understand the phenomenon of VD and to optimize experimental setups since the dependence of the interaction probability on each parameter is clear.
In the second line of Eq. (11), I IV (x, y) is the product of intensity distributions of the two pulses, (E(x) 2 ) × (J (x) 2 ) 2 , at the collision point. Exponents agree with the number of photons (one x-ray and two laser photons), which comprises the leading-order Feynman diagram for VD (the QED box diagram). This overlap of the two pulses can be thought of as an effective interaction volume. It works as a weight on P , showing how good the two pulses overlap in space-time, and gets decreased by large displacements, (x L , y L ). w gives the 2σ size of this interaction volume.
The third line of Eq. (11) shows that the angular distribution has a Gaussian profile with the signal divergence, 2 kw , and the center of the distribution is the incident angle. The uncertainty principle binds a relation between the signal divergence and the size of the interaction volume in the transverse direction; ∆p∆x = 1 kw k × w 2 = 2 . Equation (11) is also useful to calculate the VB signal, which has the polarization orthogonal to the incident x-ray because the VB signal can be inferred by substituting (16 + 33 sin 2 δ) → 9 4 sin(2δ) [12] .
Validation of the simple formula
We validate Eq. (11) by comparing calculated results with numerical results of the previous calculation [12] . For the calculations, we use two sets of experimental parameters summarized in Tab. 1. One parameter set is obtained by a prototype experiment, which has been performed in 2017 (Y. Seino et al., manuscript in preparation) at SACLA. The other is for a future experiment achievable at SACLA. In the calculations, perfect alignment for both cases is assumed (Θ = 0, x L = y L = z L = 0), and the calculated results are summarized in Tab. 2. The good agreement of the signal divergence in both parameter sets shows that the angular distribution is well-approximated by the Gaussian profile. The interaction probability, P , also has enough agreements for practical use. Small gaps are no more than 30% which is caused due to the change of the function of the laser pulse by the short-pulse approximation (i), as shown in Eq. (8) .
Expected signal rates are calculated with an angle of acceptance (18 < θ y < 58 µrad), which is the same angle with the detection system used in the prototype experiment. The expected signal rate reaches 0.7 photons/s in the future experiment by assuming 3 × 10 11 photons/pulse of the x-ray flux, which shows that the VD can be observed.
VD formula with XFEL curvature effect
So far, we have considered the simple formula of VD without the curvature. However, the XFEL pulse has the curvature in practical experiments, and the curvature effectively gives the incident angle to the x-ray. We consider the XFEL pulse as a Gaussian beam, as shown in Fig. 2 , and the beam size is given as w X = w X0 1 + ( zX zRX ) 2 , where z X is the distance from the wavefront to the focus along the z-axis, w X0 is a minimum beam size, and z RX is Rayleigh length. The curvature radius of the wavefront is
At a position (x EP , y EP ) on the wavefront, the normalized normal direction, Θ n , is given as following Θ n = cos Θ n (tan Θ nx , tan Θ ny , 1)
where Θ nx (Θ ny ) is an angle between the normal direction and the y-z (x-z) plane and satisfies 1 cos 2 Θn = 1 + tan 2 Θ nx + tan 2 Θ ny . These angles are approximately given by the x, y components of the normal direction.
The new VD formula is given by the convolution of the angle of the normal direction and the original angular distribution, Eq. (11), with the weight, I IV (x EP , y EP ). The convolution is given by the integrations over x EP and y EP as
where VB signal can be also inferred as mentioned in Sec. 2.2. Due to the convolution, the original divergence, 2/kw, is smeared by the divergence caused by the curvature at the collision point, w/R(z X ), and the signal divergence becomes their root sum square, (2/kw) 2 + (w/R(z X )) 2 . The center of the angular distribution is also shifted to the normal direction at the center of the interaction volume, and the central angles become (−2w 2 x L /w 2 L R(z X ), −2w 2 y L /w 2 L R(z X )). As an example of the estimation of the curvature effect, we consider the case of the prototype experiment shown in Tab. 1. In this experiment, the XFEL pulse is focused with an x-ray lens to 57 µm, and its Rayleigh length, z RX , is 0.09 m. The focal point is adjusted at 0.85 m downstream from the collision point (z X = 0.85 m). The displacement between the XFEL pulse and the laser pulse is found as y L = 3.7 µm. With these parameters, the divergence caused by the curvature is 8.03 µrad, and it smears the original divergence, 5.84 µrad, to 9.94 µrad. In addition to this, the displacement shifts the central angle of the angular distribution to −4.3 µrad. The parameters are summarized in Tab. 3, and these changes are shown in Fig. 3 . These changes caused by the curvature effect significantly affect the expected signals. In the prototype experiment, we set the acceptance of the signal x rays as 18 < θ y < 58 µrad. As shown in the bottom row of Tab. 3, the expected signal fractions are changed more than a few orders of magnitudes. To avoid these uncertainties, the precise alignments of the beam positions (x L , y L ≪ w) and the focal position (z X ≪ z RX ) are required for future high sensitivity experiments.
Conclusion
We derive the new simple VD and VB formula in the head-on collision geometry of the XFEL pulse and the laser pulse. The simple formula is the product of terms having physically different origins and helps us to understand the parameter dependencies of the signal easily. Obtained results by the new formula are compared with those by the previous calculation, and we get good agreements. Table 3 : Summary of parameters used to estimate the curvature effect for each case in Fig. 3 . The forth column corresponds to parameters of the prototype experiment.
Parameters
Without curvature With curvature With curvature and displacement y L 0 µm 0 µm 3.7 µm z X -0.85 m 0.85 m z RX ∞ 0.09 m 0.09 m signal fraction 2 × 10 −10 1 × 10 −4 3 × 10 −6 (in 18 < θ y < 58 µrad)
We also derive the new VD and VB formula with the wavefront curvature of the XFEL considered, which is first taken into account. The curvature effect is estimated as the convolution of the XFEL angular distribution and the VD one. This new formula shows the angular distribution of the signal is broadened and depends strongly on the displacement between the XFEL and the laser foci.
